Abstract: This work seeks virtual constraints, or outputs, that are intrinsic to human walking and utilises these outputs to construct controllers which produce human-like bipedal robotic walking. Beginning with experimental human walking data, human outputs are sought, i.e., functions of the kinematics of the human over time, which provides a low-dimensional representation of human walking. It will be shown that, for these outputs, humans act like linear mass-springdampers; this yields a time representation of the human outputs through canonical walking functions. Combining these formulations leads to human-inspired controllers that, when utilised in an optimisation problem, provably result in robotic walking that is as 'human-like' as possible. This human-inspired approach is applied to multiple human output combinations, from which it is determined which output combination results in the most human-like walking for a robotic model with mean human parameters.
Introduction
The goal of this paper is to analyse human walking in the context of the human-inspired control framework developed in Ames (2011b) in an attempt to better understand the fundamental mechanisms underlying human walking and then to apply this understanding to the control of bipedal robots. Human walking has been studied extensively from the perspective of biomechanics under the auspices of several different schools of thought: researchers have studied forces and dynamics (Seireg and Arvikar, 1975; Winter, 1990) at the hip (Bergmann et al., 1993; Heller et al., 2001) and at the foot (Au et al., 2006; Rodgers, 1988) . Force measurements and estimations are typically done with force plates and force loading-models (Scott and Winter, 1993 ). The estimated forces are then used with either inverse-dynamic models (Glitsch and Baumann, 1997; Siegler and Liu, 1997) or forward-dynamic models (Anderson and Pandy, 2001; Neptune et al., 2001; Pandy and Berme, 1988) . Researchers have also studied nervous system interaction (Bojanic et al., 2011; Cifrek et al., 2009) .
The results mentioned give valuable insights into the underlying dynamics of human walking yet fail to provide a natural way of controlling bipedal robots. Doing so would require modelling the complex nervous and muscular system of a human; having such a complicated model would make it difficult to glean any insight and, moreover, would render such a system incapable of real-time implementation. In order to design a practical robotic controller which draws insight directly from human walking, one need only look to the method of human-inspired control which provides a heuristic and computationally-tractable method for obtaining human-like robotic walking gaits from measured human kinematics data. And this is precisely the focus of this paper.
Methodology
In order to overcome the difficulties associated with modelling human walking in all its complexity, human-inspired control chooses to look at the human walking system as a 'black box', focusing solely on the relationship between inputs and outputs. The general idea is to try to find the inputs necessary to produce a certain combination of outputs. It will be seen that the procedure proposed in this paper does this with ease and without the element of human discretion for the purposes of controller design. This concept of removing human judgement results in a less qualitative design process and mitigates the potential for human error. In this paper, outputs on the kinematics of human walking are presented which are purported to faithfully represent the human-walking gait. These outputs represent half of the 'black box'. The standard method of feedback linearisation will provide the other half, specifying a manner for determining the inputs which will produce the desired outputs. This paper will codify the intuitive methodology presented above by defining a rigorous step-by-step process which can be applied to bipedal walking on flat ground. The process begins by considering experimental data representing the kinematics of human test subjects walking on flat ground at a 'natural' pace. The experimental results are used in a three-step process:
Step 1 Seek outputs that characterise human walking:
human outputs, as computed from the kinematics of a human over the course of a step. Since these outputs are computed directly from experimental data, they consist of discrete sets of points.
Step 2 Represent the discrete output data using a class of time-dependent functions of the simplest yet most general form possible: canonical walking functions, representing the human output data as time-dependent functions.
Step 3 Given a bipedal robot, compute the outputs from the kinematics of the robot. A non-linear controller can be constructed, termed a human-inspired controller, which drives the output of a robot to the outputs of the human (as represented by the canonical walking functions). The parameters of the human-inspired controller are determined through a human-inspired optimisation that produces the best fit of the canonical walking functions to the human output data while simultaneously guaranteeing bipedal robotic walking.
By following the steps in this procedure, one will be able to obtain 'human-like' robotic walking which will be remarkably similar to the human walking from which it derives its inspiration.
Step 1 in the proposed approach to achieving human-like robotic walking is to determine outputs which appear to characterise human walking and which simultaneously are feasible for the purposes of robotic controller design. More specifically, for a given output to be usable, the following assumptions or output criteria (OC) must hold:
• (OC1) it is a function of the joint angles, i.e., it can be represented as a forward kinematics map • (OC2) it has a 'simple' time-dependent representation; the simplicity will serve to illuminate the underlying structure of human walking • (OC3) it is mutually exclusive from the other chosen outputs; the decoupling matrix associated with feedback linearisation is full rank on (and nearby to) the designed gait trajectory.
On first inspection, the above criteria provide a large number of possible output functions; in this paper, there are 12 specific outputs which are considered -these outputs and the motivation for choosing them are given in Section 2.3. From these 12 outputs, six combinations are chosen for study. The outputs are first categorised into four distinct sets on the basis of functionality -e.g., the angle of the stance knee naturally belongs to the set of functions whose members, in some qualitative capacity, represent the behaviour of the stance knee. By choosing one element from each of these four distinct sets, one should theoretically be able to obtain human-like walking for a robot; and, in fact, this paper does so for the six output combinations under investigation, providing results from various simulations. The six output combinations can be subdivided into two groups: three of the output functions use the hip position to parameterise time and, indeed, some work has been done in this respect (Sinnet et al., 2011) ; the other three outputs use the position of the centre-of-mass (CoM) as a parameterisation and, when combined with the accompanying outputs, yield a simple 'compass-gait' model which has been studied in depth (Ames et al., 2007; Espiau and Goswami, 1994; Goswami et al., 1998) .
Prior work (Srinivasan et al., 2008 (Srinivasan et al., , 2009 Joshi and Anand, 2010) has considered tracking joint angles to achieve robotic walking -while the joint angles of a human would satisfy criteria (OC1) and (OC3), they would not necessarily satisfy criterion (OC2) -but this paper takes a more generalised approach, analysing functions of these joint angles. This more heuristic approach allows for a deeper understanding of the basic structures intrinsic to human walking.
Step 2 looks to discover a time-dependent representation of the human output functions in a manner which leads to insights into human walking. In particular, since the human outputs are discrete data points and cannot be applied to controller construction directly, one must represent the human outputs as time-dependent functions. The first contribution of this paper is the discovery that all the human outputs are accurately described (with a correlation coefficient of essentially one) by a very simple class of functions:
1 either a linear function of time 2 or the time solution to a linear mass-spring-damper system.
The simplicity and universality of these functions lend to the name canonical walking functions. Unlike other time-based functions that have been used to fit the human data in past work [polynomials (Kramer, 2010) and Bézier series in Westervelt et al. (2003) ], the form of the canonical human walking functions provides insight into the underlying kinematics of human walking. One is able to conclude that, through the constructions presented, humans act like linear mass-spring-damper systems for the outputs being considered. This conclusion coincides with, and extends, research that shows the behaviours of some joints (and specifically the stance knee) act as mass-spring-damper systems when walking (Shamaei and Dollar, 2011; Scarfogliero and Folgheraiter, 2004) as well as additional research on animal legged locomotion (Holmes et al., 2006) showing that various types of legged locomotion appear to have a simple mathematical explanation: a reduced order method of simple gait generation buried under the complex neuromuscular system.
Step 3 constitutes controller construction utilising human outputs represented with canonical walking functions. For each of the six output combinations studied in this paper, a human-inspired controller will be constructed which yields stable human-like bipedal robotic walking through a human-inspired optimisation. The presence of discrete output data which express the human walking gait in a fashion qualitatively compatible with the canonical human functions naturally leads one to consider an optimisation problem that produces the best fit of the canonical walking functions to the human output data. Similar methods have been employed in the literature (Brubaker and Fleet, 2008; Olenšek and Matjačić, 2007) , however, the parameters that result from solving such an unconstrained optimisation problem do not necessarily result in robotic walking and, moreover, certainly do not guarantee stability in any formal manner. The desire to have formal stability motivates the addition of constraints to the optimisation problem; this paper will show precisely the conditions necessary to constrain the optimisation problem in order to guarantee formal stability of designed walking gaits. Adding constraints to the optimisation problem will in general reduce the optimality of the fits; however, it is shown in this paper that the correlations of the fits are still very near unity. This is a very important observation as it indicates that both passive dynamics and mechanical design play an integral role in human walking. In order to quantify the human-like nature of the gait, the kinematics will be compared with human walking and it will be shown that the generated gaits typically lie within the range of healthy human walking as defined in Perry and Burnfield (2010) --this motivates the term human-inspired optimisation.
The human-like nature of the robotic walking obtained in this paper is especially remarkable for two reasons. First, the human-inspired control method, by virtue of the use of canonical walking functions, sheds light on the complex dynamics of human walking by providing a simplified 'black box' model while still capturing the fundamental mechanisms underlying human walking. Indeed, analysis of the canonical functions representing human outputs indicates that these outputs exhibit the characteristics of linear mass-spring-damper systems at the most basic level. Moreover, of these functions, the one representing the stance knee corresponds to a stable mass-spring-damper (there is a positive damping ratio) while all of the other outputs correspond to unstable mass-spring-dampers (with negative damping ratios). Thus, during the course of a step, humans absorb energy through the stance knee and compensate for energy loss by adding energy to the other joints. The second notable conclusion from the results presented is a consequence of the dramatic differences between humans and the robotic models considered in this paper; whereas a human is a complex dynamical system, the robotic model under study in this paper consists of only four links with point feet and walks in 2D. Yet, despite these somewhat dramatic physical differences, human-inspired control nonetheless results in human-like walking on bipedal robotic models with minimal difficulty in terms of implementation. This modelling analogy is achieved through the use of the 'black box' modelling paradigm of human walking -the robots and humans have very different dynamics due to the modelling differences. By analysing walking in terms of input/output behaviour, human-inspired control provides a method for obtaining robotic walking by driving the outputs of the robot to act like the outputs of the human. This second conclusion will be supported by simulation results, both on a robot with 'human-like' parameters and on a robot with parameters which are comparatively dissimilar to those of a human.
Related work
Bipedal robotic walking is a multidisciplinary research field that involves both biomechanics and robotics. As a result, the application of research in bipedal robotics is far-reaching; it can be applied to prosthetic design (Kumar et al., 2010) , orthotic design and testing (Popovic et al., 2004) as well as space exploration (Ambrose et al., 2000) . In order to create normal walking with a powered prosthesis or orthosis, it is necessary to mimic the behaviour of human walking (Torrealba et al., 2008; Glaister et al., 2009 ). The prosthetis is also required to exhibit a dynamics that is similar to that of a human (Au and Herr, 2008; Ogura et al., 2006) . Most controllers for prostheses and orthoses are implemented by using human data (Grimes et al., 1977; Popović et al., 1991) . Not only the position but also the energy and force are considered to match human data, and different sensors are employed to measure all those variables (Herr and Wilkenfeld, 2003; Martinez-Villalpando et al., 2008) . However, if human-like bipedal robotic walking is achieved and human walking can be predicted by the canonical walking functions, the force and energy can be calculated directly from the position data, which will greatly reduce the cost of the devices and simplify the controller design.
In the field of biomechanics, research related to human walking tends to focus on five major aspects: motion analysis, dynamic electromyography (EMG), force plate analysis, stride analysis and energy expenditure (Perry and Burnfield, 2010) . Motion analysis uses joint movements to describe walking behaviours (Nyan et al., 2008; Kumar et al., 2010; Deluzio, 1997) . Dynamic EMG is employed to identify muscle functionality (Bojanic et al., 2011; Cifrek et al., 2009) . Force plate analysis emphasises ground reaction forces, moments of force, and power (Watt et al., 2010; Wong et al., 2010) . These three methods are based on the specific events which constitute the act of walking, while stride analysis (Zampeli et al., 2010; Ko et al., 2009) and energy expenditure (Rand et al., 2009; Kramer, 2010; Kuo, 2007) are used in distinguishing normal waking gaits and pathological gaits. The hope is that this work, because of its emphasis on kinematic analysis, may aid in determining the differences between normal and pathological gaits without implicit knowledge of the internal dynamics.
Robotic researchers make an effort to use the research results from biomechanics where human walking has been extensively studied. However, due to the limitations of robot design, it can be quite challenging to ascertain the relationship between inputs and outputs in the motor control system from EMG and muscle force. Among the five aspects of human walking analysis in biomechanics, motion analysis is essentially the only method that can be applied to robot design. Most robot designs place the actuators at each joint (Deluzio, 1997) ; these actuators are used to make the joints follow certain selected trajectories fitted from human data (Srinivasan et al., 2008 (Srinivasan et al., , 2009 ). These designs basically rely on tracking human data from one specific human subject. The tracked variables are chosen randomly. In addition, there is no quantitative comparison between the bipedal walking and human walking.
Bipedal robotic walking has been extensively studied from a variety of perspectives. Although there have been a few studies that directly relate human walking to robotic walking (Srinivasan et al., 2008 (Srinivasan et al., , 2009 , this connection has not been made in a fashion that proves robust and extensible. The hope is that this work will lay the groundwork for true human-like robotic walking, where human walking data form a basis for formal controller design. Building robots that exhibit human-like walking has long since drawn the attention of both the public and researchers alike (Kuo, 2002; Schaub et al., 2009; Srinivasan et al., 2008 Srinivasan et al., , 2009 . Though dynamic robotic walking has been achieved in numerous cases in simulation Spong and Bullo, 2005) and experiment (McGeer, 1990; Westervelt et al., 2007; Yadukumar et al., 2012; Sinnet and Ames, 2012) , when looking at current walking robots, it is clear that humanlike walking has yet to be obtained.
Paper structure
The rest of this paper is structured in the following manner: in Section 2, the experimental setup and data processing are described. The human outputs considered in this paper [as chosen according to criteria (OC1-3)] are introduced in this section and computed from the experimental walking data. Finally, the canonical walking functions are introduced, and it is demonstrated that these time-dependent functions accurately describe the human output data. The robotic model, consisting of a 2D biped with knees and point feet, is developed in Section 3; specifically, hybrid systems are introduced, and it is shown how the robot considered in this paper is modelled by systems of this form. In Section 4, the human-inspired control law is constructed; this drives the outputs of the robot to the output of the human. Moreover, an optimisation problem is introduced in this section in order to determine the parameters of this control law such that the best fit of the human data is provided while still producing stable robotic walking. This is supported by simulation results in Section 5 which verify the human-like nature of the robotic walking that is achieved. In addition, results of considering different output combinations are illustrated and a criterion is provided to find the best output combination, i.e., the output combination that results in the 'most' human-like robotic walking. The final technical section of this paper, Section 6, shows the extensibility of the presented procedure by applying it to the model of a real physical robot (with parameters that are much different than those of a human). Finally, some conclusions are given in Section 7.
Human walking analysis
This section presents the method for human data collection, the human output functions considered as computed from the data, and introduces canonical walking functions that will be fit to the data -these will demonstrate that, for the outputs chosen, humans act like linear mass-spring-damper systems. For each of the various experimental trials, the data from one step cycle will be isolated. Twelve outputs on the kinematics of the data will be considered subject to the criteria (OC1-3) for valid human outputs posited in the introduction; averaging between all subjects with respect to each output is used to mitigate dependence on subject-tosubject variations in parameters and gaits. The computed human outputs are discrete in nature since they are obtained from motion capture. For the purposes of controller design, a time-dependent representation of these outputs is needed. Two canonical walking functions are considered which yield special insight into the behaviour of the human with respect to the output functions chosen; it is shown that these functions can be fit to the human data with correlation coefficient near unity. The canonical walking functions, therefore, help to reveal the fundamental kinematics of human walking while simultaneously serving as a way to utilise human outputs in robotic design.
Experimental setup
The dataset presented in this paper was collected using the phase space system. By strategically positioning 12 high-precision cameras to cover a room of size 5 × 5 × 5 m 3 and 19 light emitting diodes (LEDs) on a test subject, it was possible to collect 3D spatial measurements with an accuracy of 1 mm at 480 frames per second. Specifically, eight LEDs were placed on each leg as in Figure 1 ; one LED was placed on the sternum, one on the back directly behind the sternum, and one on the umbilicus. Each trial of the experiment required a subject to walk 3 m along a line at a normal speed on flat ground. Each subject performed 11 trials in a single experiment. Test subjects spanned a wide demographic spectrum: there were two female and seven male subjects with ages ranging between 17 and 30, heights ranging between 160.0 cm and 188.5 cm, and weights ranging between 47.7 kg and 90.9 kg. Table 1 provides the measurements of each subject. Note that the data were collected from two experiments separately. The data of the first five subjects were taken from one experiment and the data for the other four subjects were collected from an experiment one year later. The two experiments have the same setup and were conducted in the same lab. Though the data were collected from two experiments, the results of the analysis are the same, which shows that the data processing algorithm and the experimental results are repeatable.
Data analysis
The collection of experimental data was processed using three steps to make it suitable to analyse:
1 Interpolation. In order to resolve complications with self-occlusion -a phenomenon which occurs when a human test subject obscures one or more of the emitters -the effective walking period is isolated and interpolation is performed using cubic splines. This preprocessing results in relatively clean data over the course of a few step cycles. For each trial, at least two step cycles are isolated -one with each leg -to ensure that the data repeat. If the data are unusable, the trial is dropped.
2 Rotation. Using the preprocessed data, a series of rotations is then employed to ensure that walking occurs in the x-z plane, where x is the walking direction and z is the upright direction. This is achieved by examining the umbilical emitter of each subject which moves in an approximately linear fashion. The direction of the walking is determined by fitting a line to this forward evolution.
3 Averaging. Rather than smooth the data with aggressive filtering techniques, the trajectories of the emitters for every trial of a given subject are averaged. Under the assumption that test subjects walked at the same pace in all trials, the only additional processing required is to shift the data in time so the trials match up before averaging can be performed (Ames, 2011b) . Only the datasets corresponding to the heels will be used to determine the beginning and end of each step cycle. Notes: The subject number is in the left column and the L c , L t , m c , m t measurements correspond to the lengths described in Figure 3 (b). The measurements m c and m t are calculated according to the mass distribution in Winter (1990) Since human-walking is naturally periodic and symmetric, it is sufficient to characterise a walking gait by examining only one step cycle, ranging from heel strike of one leg to heel strike of the other. Therefore, data from only one step cycle are used. The relevant data are isolated by determining the moment at which the heel strikes the ground, i.e., the pattern transition moment. The heel strike time is determined based on observation of the acceleration in the z direction. The acceleration, which is the second order difference of the heel height, attains maxima when the heel strikes the ground and when the heel lifts from the ground. Figure 2 shows both the position and acceleration of the heel along with vertical lines indicating when heel strike and heel lift occur. There are two reasons why toe behaviour is not considered in this work. First, heel strike represents the main impact from the whole human walking system. Compared with toe behaviour, the heel behaviour is more important to human walking analysis. Second, the bipedal robot considered in this paper has point feet. Human heel-strike is analogous to foot-strike for such a robot.
Human outputs
The mean human (MH) datasets found through the above procedure are used to search for human kinematics outputs satisfying the three output criteria (OC1-3) mentioned in Section 1. Motivated by the apparent decoupling of the sagittal and coronal dynamics in human walking (Ames et al., 2007) , this paper focuses solely on walking in the sagittal plain forgoing analysis of the coronal plane. It is quite common in the literature to make this assumption and doing so enables the use of a 2D robotic model. As such, this study is restricted to the principle angles responsible for walking in the sagittal plane (Perry and Burnfield, 2010) [see Figure 3 (a)] consisting of the angle the stance calf makes with the vertical, θ sa , and the relative angles between the links, θ sk , θ hip , and θ nsk , as follows: The desired human outputs should be functions of these angles, have 'simple' time-dependent representations, and be mutually exclusive. In essence, these conditions imply that the human outputs must have a one-to-one correspondence with the joint angles, while simultaneously being 'simple' functions of time. Twelve different output functions are found which satisfy these requirements; they are shown in Figure 4 . These outputs will be listed shortly, but first, some variables will be introduced to simplify the output descriptions. Let
,
be vectors representing the virtual stance and non-stance legs [as in Figure 4 (a)] oriented from the hip toward the ankles; here sf p is the position of the stance foot in the x-z plane, hip p is the position of the hip, and nsf p is the position of the non-stance foot. Similarly, let
, The outputs can now be described where forward kinematics may be used to find the quantities specified:
O3 The angle of the stance knee, θ sk .
O4
The length of the virtual leg connecting the hip to the stance ankle, ℓ s = || l s ||.
O5 The length of the virtual leg connecting the CoM to the stance ankle, ℓ sCoM = || l sCoM ||.
O6 The slope of the non-stance leg, i.e., the tangent of the angle between the z-axis and the line connecting the non-stance ankle and hip, as shown in Figure 4 ,
. 
where l s and l ns are vectors representing the stance and non-stance virtual legs, respectively, as shown in Figure 4 (a).
O8 The slope of the virtual leg connecting the CoM to the non-stance ankle,
O9 The angle between the virtual legs connecting the ankles to the CoM, 1 cos .
O10 The angle of the non-stance knee, θ nsk .
O11 The length of the virtual leg connecting the hip to the non-stance ankle, ℓ ns = || l ns ||.
O12 The length of the virtual leg connecting the CoM to the stance ankle, ℓ nsCoM = || l nsCoM ||.
To better understand the motivation behind these choices of outputs, note that the outputs considered essentially represent the human (and later a robot) as a compass-gait biped (Espiau and Goswami, 1994; Goswami et al., 1998) with telescoping legs. In particular, two separate compassgait biped representations are considered:
1 a compass-gait defined about the position of the hip defined by outputs O1, O4, O6 or O7, and O11 as shown in Figure 4 (a) 2 a compass-gait biped defined about the position of the CoM as defined by outputs O2, O5, O8 or O9, and O12 as shown in Figure 4 (b).
The other outputs, O3 and O10, i.e., the angles of the knees, are also considered due to their intuitive nature and the importance that knees play in bipedal walking. Also note that the knee angles can be related to the lengths of the stance and non-stance legs through simple trigonometric identities, thus fitting within the conceptual picture of representing the human and/or robot as a compass-gait biped. Each of the mentioned outputs coarsely corresponds to one of the system's angles. To summarise, these outputs can be partitioned into four disjoint sets:
It is easy in most cases to see that each of these sets has a one-to-one correspondence with the joint angles of the human, with the correspondence given by:
These correspondences imply that outputs from distinct sets are mutually exclusive, indicating that the decoupling matrix used in feedback linearisation associated with outputs chosen from each set is full rank (Ames, 2011b ) (this will be discussed further and used in the design of controllers in Section 4). Each of the 12 outputs is computed from the human data over the course of a single step by:
1 normalising the step time of each subject to one 2 resampling the data so that all subjects shared sampling frequency f s 3 averaging the data for each sample time t = k/f s for k ∈ {1, 2, …, K} with K the number of samples.
The mean of these outputs for the nine subjects is computed and shown in Figure 5 along with one standard deviation (1σ) from this mean. According to Perry and Burnfield (2010) , outputs that lie within the 1σ error bands are representative of normal walking. This metric provides a practical method for determining when bipedal robots display 'human-like' walking.
Canonical walking functions
After obtaining the MH outputs, it is necessary to represent them as time-dependent functions in order to parameterise these functions over the course of a step. Doing so will allow for controller design on the continuous dynamics of the system. Thus, simple functions -termed canonical walking functions -are fit to the discrete data to enable controller design. Inspection of the human data for Y sa in Figure 5 indicates that both the position of the hip and the position of the CoM, p hip and p CoM , respectively, can be accurately described by a linear function of time:
Performing a least squares fit of this function to the human output data for p hip and p CoM confirms that this function provides a valid characterisation of the human data with respect to these two outputs. In particular, (15) can be fit to the human data with a correlation of 0.999 (see Table 2 ) providing a near-perfect time-dependent representation. It is important that the positions of the hip and CoM are linear in time as this observation implies that humans walk at a constant pace with velocity v. This will prove useful both in defining a parameterisation of time based upon the position of the hip or CoM (to be introduced in Section 4) and directly controlling the walking speed of a robot by constraining this parameter (as will be discussed in Section 6). Upon reviewing the human outputs comprising the sets Y sk , Y hip , and Y nsk in Figure 5 , it appears that a sinusoidal behaviour is exhibited with possible exponential decay. This observation naturally leads to the time solution to a linear mass-spring-damper system as a means of characterising human outputs -especially considering that the knee behaviour of humans when walking has been shown to be described by a linear mass-spring-damper system (Shamaei and Dollar, 2011) . The solution to such a system satisfies
where ξ is the damping ratio, ω n is the natural frequency and The capacity of the canonical function (17) to accurately describe the human output data for the outputs comprising the sets Y sk , Y hip , and Y nsk can be determined by examining a least squares fit of this function to the human output data; this fit is shown in Figure 5 and, in particular, it can be seen that there is very good agreement between the human data and the canonical function (17). This purported visual agreement can be substantiated by considering the correlation coefficients of these fits as given in Table 2 , where all of the correlations are greater than 0.99. These near-unity correlations imply that the function (17) accurately describes the human output data for the functions choices considered in this paper. Moreover, this alludes to an important phenomenon present in human walking: for the outputs chosen, humans act like a linear mass-springdamper system despite the complexity of unknown, non-linear internal dynamics. This conclusion provides support to current work in the field of prosthetics where spring-damper systems are used to mimic human muscle behaviours (Morgenroth et al., 2011; Bellmann et al., 2010) . The representation of human walking as a linear mass-spring-damper system allows one to draw important conclusions about the nature of human walking. From Table 2 , one can see that α 4 of (17) is negative for outputs O6-12 which correspond to sets Y hip and Y nsk , respectively; thus these outputs are governed by unstable mass-springdamper systems which leads one to conclude that humans inject energy into the walking system; the total injected energy must be equal to the combination of the energy removed through control and the energy lost due at impact. Similarly, the outputs O3-5 corresponding to set Y sk have a positive α 4 constant, implying that the behaviour associated to these outputs is stable, and the system acts to absorb energy for these outputs. Thus, human walking is a delicate harmony between stable and unstable dynamics -a balancing act for which the end result is dynamically stable walking. Considering these insights into human walking, it becomes apparent that, to achieve human-like bipedal robotic walking, the walking should be dynamically stable rather than statically stable).
Robotic model
Bipedal walking robots naturally display continuous and discrete behaviour throughout the course of a step -the continuous behaviour occurs when the leg swings forward and the discrete behaviour occurs when the foot strikes the ground. It is, therefore, natural to model robots of this form using hybrid systems, which provides a formal model for systems that display such hybrid behaviour. This section, therefore, introduces the basic formalisms of hybrid systems along with the specific hybrid models obtained for the robot that will be considered in this paper.
Hybrid systems
Hybrid systems can be defined in many different ways depending on the level of generality needed to model a given robot Sinnet and Ames, 2009; Grizzle et al., 2010; Westervelt et al., 2007) . A definition specialised to the models under study is introduced below:
Definition 1: A hybrid control system is a tuple, ( , , , , , ) 
where • X is the domain with ⊆ X X a smooth sub-manifold of the state space
is the admissible control
is a proper subset of X called the guard or switching surface
is a smooth map called the reset map
) is a control system on X, i.e., ( ) ( ) . = + x f x g x u A hybrid system is a hybrid control system with 0, = / U i.e., any applicable feedback controllers have been applied, making the system closed-loop. In this case, ( , , , ),
where f is a dynamical system on , ⊆ X X i.e., ( ). = x f x
Robotic models
In this paper, a two-dimensional robotic model with knees and feet is synthesised from human mass/length parameters; this human-like model is used in simulation. The model consists of four links leading to configuration space Q with coordinates: θ = (θ sa , θ sk , θ hip , θ nsk ) T , as displayed in Figure 3(a) . Since the robotic model has only point feet, the stance foot angle -the angle between the foot and the vertical -is the same as the stance ankle angle, θ sa , in the human model as shown in Figure 3(a) . The remaining coordinates are: θ sk , the angle of the stance knee, θ hip , the angle of the hip, and θ nsk , the angle of the non-stance knee. The mass placement of the model is shown in Figure 3(b) .
Motivated by the goal of achieving human-like robotic walking on a human-like robot, this paper attempts to closely mimic a human with respect to mass placement in the fabrication of the human-like model as this will result in a viable comparison between human data and robot behaviour. The mass and length parameters of the human model are taken to be the averaged value of the all subjects in the experiments, which can be found in the Table 1 as . S In order to strengthen the experimental results, a second model, AMBER, is considered which is less human-like than the first model; in particular, the model for AMBER is obtained from the parameters of a real physical robot (see Figure 6 ). The reader will see that the methods outlined in this paper result in successful robotic walking in simulation (Section 6), thus showing the utility for robotic walking platforms.
The hybrid model of this system is represented as a tuple: ( , , , , , ) . 
Continuous dynamics
The continuous dynamics can be derived using a Lagrangian which depends on the configuration variable θ and the mass/length parameters:
where D(θ) is a manipulator inertia matrix and V(θ) is the potential energy. The Euler-Lagrange equation yields the dynamic model
where B(θ) is a torque distribution matrix which is full rank under the proper choice of coordinates, and ( , )
with ( , ) C θ θ containing terms resulting from the Coriolis effect and centripetal acceleration and G(θ) = dV(θ) containing terms resulting from gravity. The dynamic model can be written as the affine control system (f, g) where
Under the choice of coordinates used in this paper, 4 ( ) = B I θ is the identity matrix, and, under the assumption of full actuation, 4 . = U
Transition dynamics
The domain specifies the allowable configuration of the system as determined by a unilateral constraint h(θ); for the bipeds under study, this function specifies that the non-stance foot must be above the ground, i.e., h(θ) > 0 is the height of the non-stance foot. This leads to the following definition of the domain X:
The guard is then just the boundary of the domain with the additional assumption that h(θ) is decreasing:
with dh the Jacobian of h. From this definition, one can see that the system hits the guard at the moment that the non-stance foot strikes the ground.
Discrete dynamics
The discrete dynamics of the robot determines how the velocities of the robot change when the foot impacts the ground while simultaneously switching the 'stance' and 'non-stance' legs. This dynamic model represents the reset map Δ and is given by:
where Δ θ is a relabelling map which switches the stance and non-stance leg at impact (by appropriately transforming the angles). Here, θ Δ determines the change in velocity due to impact; for the sake of brevity, this paper forgoes a detailed discussion on impact dynamics, but details can be found in Grizzle et al. (2010) , and Hürmüzlü and Marghitu (1994) . In brief, the impact map is computed by augmenting the configuration space with extended coordinates which include the Euclidean position of the stance foot and then applying a perfectly plastic impact model which balances angular momentum and applies impulsive forces to halt the motion of the non-stance foot at impact. The shock is distributed through the system by the impact model and some energy is, in fact, lost and must be recovered (injected) through control.
Robotic controller design
This section uses the human outputs and their time-dependent representations -canonical walking functions -to construct a controller which drives the outputs of the robot to the outputs of the human. In addition, an optimisation problem is introduced to determine the parameters for the canonical walking functions which provide the best fit of the human walking data while simultaneously constraining the optimisation parameters such that stable robotic walking is achieved. This manner of matching kinematics provides a concrete manner for evaluating the human-like nature of a gait (Perry and Burnfield, 2010) .
Robot outputs
Relative degree is an important concept in feedback linearisation which specifies how the inputs appear in the outputs; more specifically, it specifies which order of lie derivative is necessary to calculate a control law which drives the robot outputs to the canonical walking functions. In this section, two types of relative degree outputs will be described. Later, it will be formally verified that the outputs specified have the relative degree claimed; see Sastry (1999) for a formal discussion on feedback linearisation.
Relative degree 1 (RD1) output
Recall that the outputs O1-2 which comprise the set Y sa -specifically, the x-positions of the hip and CoM -are represented by linear functions of time (15). Because this determination was made based on the capacity of the human functions to fit human kinematics outputs, the implication is that hip and CoM velocities are essentially constant, say v (which comes from optimisation). 
Relative degree 2 (RD2) outputs
The remaining three output combinations, Y hip , Y sk , and Y nsk , along with the canonical function (17) will form the basis for the RD2 outputs of the robotic system. The kinematic maps O3-12 can be applied to the robot by calculating them using the mass and length parameters of the robot, let the output sets be written as:
The goal of the human-inspired controller construction is to drive an element from each of these sets to the appropriate canonical walking functions (17). Therefore, define the actual and desired outputs: Note that the parameters of these canonical walking functions could be chosen to be the parameters that resulted in the least squares fit of the human data, but this would not necessarily result in robotic walking. Therefore, a human-inspired optimisation will be posed that will determine the parameters of these functions that provide the best fit of the human data while ensuring robotic walking.
Controller design
By construction, human-like walking can be achieved when the actual outputs of the robot mimic the desired outputs, or CoM of the robot at the beginning of a step (depending on which output is chosen, y sa ∈ Y sa ), with θ + the configuration of the robot post-impact (i.e., at the beginning of a step). Applying the parameterisation (35) gives outputs:
Using these outputs, consider the following linearising feedback control law: 
where ε + ∈ is a control gain, L f y represents the lie derivative of y along the vector field f, and A is the decoupling matrix:
It is at this point that the full meaning of 'mutually exclusive' outputs, as given by a necessary condition on the human outputs (OC3) given in Section 1, becomes clear. It is exactly because the outputs were chosen to be mutually exclusive that the decoupling matrix A is non-singular over the range in which the robot operates. Furthermore, the output (36) is RD1 because it is a function of velocity and the outputs (37) are RD2 because they are position-dependent and do not contain velocity terms; see Sastry (1999) . The control law (38) y exponentially quickly at a rate determined by gain parameter ε, and thus, the outputs of the robot will match the desired human functions after a short time if ε is large enough.
Note that the control law (38) depends on both the parameter ε along with the parameters of the canonical walking functions , v α hip , α sk and α nsk . Combining the parameters of the canonical walking functions into a single vector yields
.
With this notion, applying the control law (38) to the control system (f, g) given in (24) yields the vector field:
( ) . , , ,
Finally, this vector field, when considered in conjunction with the hybrid control system modelling the bipedal robot R HC yields a hybrid system:
( , ) , , , ,
which, again, is dependent on the parameters ε and α.
Although the control law (38) that led to this hybrid system ensures that (33) is satisfied for the continuous dynamics of this hybrid system, it does not imply that robotic walking will be achieved due to the discrete dynamics of the hybrid system. This issue will be dealt with using the well-known concept of hybrid zero dynamics (Westervelt et al., 2003) .
Human-inspired optimisation
In order to achieve robotic walking, the parameters, α, of the canonical walking functions must satisfy specific conditions. Simply solving for the best fit will result in very good fits, but these fits will not guarantee walking. The goal of this section is to formally define the conditions necessary for achieving walking gaits using the canonical walking functions found through optimisation. With this goal in mind, introduce a cost function for this optimisation, termed the human-data-based cost, dependent on the experimental human output data. Before formally defining this cost, it is necessary to introduce some notation. an index for the K data points. Then, define the human-databased cost:
where i y β represents weightings for each output; in this work, the reciprocal of the maximum and minimum value of the human data for a given output are used to weight that output. y i with i ∈ I are the four outputs; they represent y sa ∈ Y sa , y hip ∈ Y hip , y sk ∈ Y sk , and y nsk ∈ Y nsk . The cost function (42) is used as a measure of quantifying the similarity between the robotic walking and human walking.
The parameters of the desired output functions which result in robotic walking minimising the human-data-based cost are found by solving the constrained optimisation problem:
where the guard, , S is as defined in (26) where all of the desired and actual outputs agree for all time, and PZ α is the partial zero dynamics surface:
where only the RD2 actual and desired outputs agree for all time. The motivation for considering only the RD2 outputs is that it allows the position of the hip or CoM to 'jump' during impact; this compensates for differences between the human and the robotic model being considered. The optimisation problem in (43) was first considered in (Ames, 2011b) for a subset of the outputs considered in this paper applied to three individual human subjects. In that paper, explicit conditions are given for (43) that provably guarantee stable walking. Moreover, these conditions can be stated only in terms of the parameters, α, making them computationally tractable. In particular, the output functions considered (as a result of the fact that they are mutually exclusive) can be used to explicitly solve for a unique point ( ( ) 
Moreover, the point ( ( ), ( )) θ θ α α will, in turn, be the fixed point of a stable periodic orbit, i.e., a stable walking gait. Therefore, using only the human data, through the constrained optimisation problem (43) one automatically obtains a stable walking gait that is as close to 'human-like' as possible.
Simulation results
The bipedal model considered in this paper has four degrees of freedom and thus requires four outputs to realise full actuation. The four outputs are obtained by choosing one element from each output set; in doing so, mutual exclusivity is achieved allowing feedback linearisation to function properly. Many possibilities exist when choosing combinations of outputs but this paper considers six combinations that are of particular interest which are shown in Table 3 . The first three combinations utilise hip position to parameterise time while the last three utilise CoM position. This section shows the simulation results of the robotic-model with controllers constructed from each of the six output combinations. The hip-parameterised output combinations are useful due to the simplicity of the parameterisation. The CoM-parameterised output combinations are more computationally-intensive but provide a model which is similar to the SLIP model which has received much attention in the literature (Poulakakis and Grizzle, 2009; Koepl and Hurst, 2011) .
Comparing output combinations
Different output combinations are used to construct the controllers. The parameters of the controllers computed from the optimisation problem (43), together with the optimised costs and correlations, are shown in Table 3 . The near-unity correlations imply that the desired outputs of the robot are very close to the human output data. Though all the output combinations make the robotic model walk, the optimised costs indicate a different style of walking for each controller. Figure 7 illustrates the comparison between the human and robot outputs for each of the six output combinations. For most of the functions shown, the behaviour falls within the range of healthy human walking, with a few outputs showing slight deviations from this range. Thus, the human-inspired control approach results in quantifiably human-like walking. Table 3 The parameters, correlations, and costs obtained by solving the optimisation problem for each of the 6 output combinations Figure 7 Desired output vs. human output over one step for output combinations 1-6, (a) output combination 1, According to the human-data-based cost, the best output combination is Y 2 = {p hip , ℓ s , m nsl , ℓ ns }, though three of the other combinations have a similarly low cost. Indeed, one can see a trend: the costs are significantly lower for the output combinations which use leg lengths instead of knee angles. For the sake of clarity, output combination 6, Y 6 = {p CoM , ℓ sCoM , θ CoMhip , ℓ nsCoM }, is used as an example since it represents the human and robot as a compass-gait biped based upon the position of the CoM. The simulated walking gait is shown in Figure 9 (b) [which can be compared against a human walking gait plotted from the experimental data in Figure 9 (a)]. This walking gait was achieved by using control gain ε = 20 in (38) and the parameters, α, of the desired output in Table 3 . Figure 8 shows the phase portraits from the simulation. These phase portraits clearly show a closed periodic orbit or limit cycle. In other words, the phase portraits indicate the existence of a walking gait. Stability is examined using the well-known technique of Poincaré analysis (Morris and Grizzle, 2005; Parker and Chua, 1989; Wendel and Ames, 2010) . Specifically, the Poincaré section is chosen to be the guard. Then a linearisation of the Poincaré map about a fixed point provides a means for determining stability. Specifically, the Poincaré map is a discrete map, so stability exists when the eigenvalues of the linearisation of this map have magnitudes below unity. One can see from the magnitudes of the eigenvalues in Figure 10 that all simulations show exponentially stable periodic orbits or, in other words, exhibit stable steady state walking.
Outputs and joint angles
For output combination 6, Y 6 , Figure 8 shows the actual outputs, , a i y and the desired outputs, ,
y over one step. One can see that the RD2 outputs, y sk , y hip , and y nsk , match up to the extent observable through Figure 8 . One can also see that the RD1 output, y sa , starts off the HZD surface, and indeed this occurs by design as a ramification of PHZD. Foot-strike drives this output away from the HZD surface as no constraint is imposed on the optimisation which would prevent this. Yet, using the theory presented and previous work (Ames, 2011b) , provably stable walking gaits can be found which leverage the concepts of PHZD. Stability boundary Figure 11 shows the evolution of the configuration variables, θ, throughout the walking gait, for example, output combination 6. For this output combination, none of the angles of the system are directly controlled so as to agree with the human angle data (since only the outputs, which are functions of the angles, are required to match). Despite this, the angles still match up quite well with normal human walking. Consequently, the walking gait is relatively humanlike and, in fact, this conclusion is further substantiated by visual comparison between the human gait in Figure 9 (a) and the robot models in Figure 9 (b) and Figure 9 (c). For an even better comparison, the reader is encouraged to watch videos of the various gaits online (Video: Robotic Walking, 2011).
Applications to physical robots
In order to strengthen the results presented, human-inspired control design is applied to the robot AMBER (Ames, 2011a) to show that the prescribed modelling approach is practical and useful on robots that may not be human-like in design. This robot (see Figure 6 ) has five links: two calves, two thighs, and a hip. AMBER was modelled in SolidWorks which provided a straightforward method for obtaining physical parameters including lengths, masses, and inertias. Some of the physical parameters are given in Table 4 ; these parameters are analogous to the MH model. For the sake of brevity some of the physical parameters such as inertias are omitted. The importance of this robot is that it differs from the MH model in that:
1 the mass and length distribution is no longer 'human-like' 2 it models a real physical biped.
Note that technically this robot has an additional torso angle as a result of the hip; this angle was incorporated into the optimisation through the procedures outlined in this paper; the specifics will not be discussed as this work intends to focus on lower limb ambulation. For more details, see Ames (2012) .
Recall that the MH model has only four links as no hip is present. A comparison between this model and AMBER can be more easily drawn if a four-link version of AMBER is considered. To this end, a simulation model was constructed which consisted of only the calves and thighs. Then, the procedures in the previous sections were applied to the AMBER model and the six output combinations were tested. Due to space constraints, the results from only one simulation are shown; for comparison's sake, the example simulation is the same as that shown for the human: output combination 6. The optimisation parameters are shown in Table 5 . The corresponding output functions are shown in Figure 12 and, remarkably, the walking functions still lie within the range of healthy human walking even though AMBER is less humanlike in design than the MH model. In analogy to Figure 11 , the configuration variables, θ, for example, output combination 6 is plotted in Figure 13 . These plots show some deviation from healthy human walking. This occurs mostly near the end as a result of requiring hybrid zero dynamics which essentially sets the angular velocities at the beginning and end of a step to match up. In spite of this shortcoming, the walking produced is still quite human-like with respect to the outputs, and the walking tiles in Figure 9 (c) are similar to the human and MH model tiles in Figure 9 (a) and Figure 9 (b), respectively. Finally, for the simulated gait, the phase portraits are shown in Figure 14 (a) and the outputs are shown in Figure 14(b) . From the outputs, one can see that PHZD has indeed been realised. For a movie of the walking obtained through these general principles [as outlined in Ames (2012) ], see the video at Video: AMBER Walking (2011). Table 4 The physical parameters used to model AMBER 
Conclusions
This paper presented a human-inspired framework for achieving human-like bipedal locomotion on robotic models. Unlike other biomechanics work in which complex neuromuscular or internal force models are considered, the human-inspired method provides a simple 'black box' model of human walking with the inputs being control and the outputs being functions on the kinematics of a model. Examination of various kinematics outputs on human behaviour indicated that a class of simple mathematical functions -namely, canonical walking functions -can be used to faithfully represent specific behaviours of human walking over the course of a step such as the angle of a knee or the slope of a leg. The possible outputs, in this paper O1-12, were divided up into mutually exclusive sets. For the purposes of control design, one function was chosen from each set and the optimisation proceeded from there. Five parameters comprise a canonical walking function, and, through optimisation, these parameters can be chosen to provide the best possible fit to experimental human kinematics data. When directly fit to the data without any constraints imposed, the correlations for the functions examined in this study were found to be over 0.9 for all functions and even very close to unity for many of them. This statistical measure indicates that the functions do a very impressive job of representing the fitted data. These functions were modified using a state-based parameterisation for time which resulted in autonomous functions. When these functions are tracked using feedback linearisation, a zero dynamics surface can be established but impacts introduce challenges by throwing the system off this surface. This was dealt with by defining the concept of a partial hybrid zero dynamics and imposing constraints on the parameter optimisation to ensure that PHZD was achieved. In the end, the human-inspired framework is capable of taking experimental data and a robotic model and producing a control law which results in a provably exponentially stable periodic orbit or stable walking. This was demonstrated in various simulations in which different, mutually-exclusive walking functions were chosen and the results were stable human-like walking for a MH model studied in this paper as well as for the robot AMBER. Source: This was achieved in Yadukumar et al. (2012) Future work will be aimed at extending the results achieved for lower-limb 2D walking to three dimensions. In particular, output functions satisfying (OC1-3), as outlined in Section 1, must be found for the coronal dynamics of a human. As in the 2D case presented here, these functions must not only satisfy properties that allow them to be utilised for robotic control, but must also lead to insight into the underlying mechanisms of human walking. Studying the behaviour of the upper limbs during locomotion could also be fruitful, especially if this behaviour can also be characterised by the canonical walking functions presented here. This would imply that the entire human system essentially consists of linear mass-spring-damper systems when ambulating. Finally, the outputs considered in this work were kinematic in nature. The motivation for considering kinematic outputs was that the dynamics of humans and robots can differ greatly. An interesting research question is whether the kinematic constraints that were discovered can lead to a greater understanding of the dynamics internal to humans when walking. Combining the MH model considered in this paper with models for musculature forcing would potentially provide interesting insights in this direction. Results of this form could yield an important understanding of human locomotion that could be applied to both bipedal robotics and areas in which humans and robots interact such as prosthetics.
Finally, as the ultimate goal of this work is to provide a framework for obtaining human-like bipedal robotic walking, it is necessary to ultimately realise these ideas on physical bipedal robots. To this end, the authors have already implemented these ideas on AMBER (as discussed in this paper) and NAO (a commercially available 3D bipedal robot). While the technical details related to implementation are not within the scope of this paper, it is important to note that for both robotic platforms human-inspired robotic walking was obtained (Ames, 2012; Ames et al., 2012) . In particular, gait tiles of the result walking gait for AMBER can be seen in Figure 15 and a video of the walking gait can be found at Video: AMBER Walking (2011). While these implementation results are only the first step towards obtaining human-like robotic walking, the results presented in this paper have the potential to further bridge the gap between human and robotic walking. The consequences of understanding the underlying mechanisms related to walking could be far-reaching, yielding robots able to achieve the versatility of motion that humans display with ease.
